Abstract-In this paper, a new transverse equivalent network for the modal analysis of stub-loaded leaky-wave antennas is developed. The derived network is useful for the study of the radiation of evanescent fields that occurs when they reach the top aperture of the parallel-plate stub. This transverse network is based, for the first time, on a nonhybrid formulation of the constituent parallel-plates modes of order 1 (TE 1 and TM 1 ). The obtained network is an alternative to the one based on hybrid TE 1 and TM 1 modes, and leads to a simpler transverse resonance equation. The new equivalent network is validated by obtaining leaky-mode dispersion curves for a previously studied leaky-wave antenna in nonradiative dielectric guide technology.
I. INTRODUCTION
L EAKY-WAVE antennas loaded with parallel plates (also known as stub-loaded leaky-wave antennas) have been widely studied for many applications [1] - [7] . Some examples of stub-loaded leaky-wave antennas are shown in Fig. 1 . The parallel plates, of height and separated a distance , act as a filtering mechanism, which interconnects a waveguide and the top radiating aperture. The fields in the parallel-plates region can be expanded as a sum of parallel-plate modes. The parallel plates, separated a distance (where is the free-space wavenumber), allow only the main parallel-plate mode ( ) to propagate along the -direction (see reference axis in Fig. 1 ). Higher order parallel-plate modes are below cutoff in the -direction, therefore having an exponential-decaying evanescent behavior as they propagate through the stub-region [4] . If the height is large enough, higher order parallel-plate modes will not reach the radiating top aperture and their contribution to radiation can be neglected [1] - [4] . On the other hand, the radiation of the first higher order parallel-plate modes ( and ) has also been used for the case of the nonradiative dielectric (NRD) leaky-wave antenna [8] - [11] . In this case, the stub height is shortened to allow these higher order parallel-plate modes to reach the top radiating aperture, and to induce radiation, as illustrated in the antenna shown in the bottom-right area of Fig. 1 . In any case, the analysis of these leaky-wave antennas can be simplified by developing an equivalent transverse network in which the radiating impedance that models the top aperture plays a fundamental role. The equivalent radiation impedance depends on the parallel-plate mode, which reaches the top aperture and contributes to radiation. For the case of radiation of the main parallel-plate mode ( ) in stub-loaded leaky-wave antennas, Marcuvitz's radiation impedance [12] has been extensively used in many equivalent circuits [1] - [7] . For the case of the stub-shortened NRD leaky-wave antenna, a novel equivalent radiation impedance was developed by Sanchez and Oliner to model the radiation of the evanescent first higher order parallel-plate modes ( and , which are below cutoff) [9] , [10] . The equivalent transverse network developed in [10] for the leaky-mode analysis of the stub-shortened NRD leaky-wave antenna is illustrated in Fig. 2(a) .
As explained in detail in [10] , one can choose two different sets of vector modal functions to describe these first higher order parallel-plate modes, namely, the and set or the and set. The first election corresponds to the ordinary set of parallel-plate modes ( and ) in which the propagation direction of the transverse equivalent transmission line ( -axis, see Fig. 2 ) is the same as the propagation direction used in the transverse-longitudinal formulation of the modes. On the contrary, the second set ( and ) corresponds to hybrid longitudinal section magnetic (LSM) and longitudinal section electric (LSE) modes, which are defined with respect to the -axis, transverse to the -direction of propagation of the equivalent transmission lines. If ordinary and modes are employed, the air-dielectric interfaces will be represented as simple junctions between equivalent transmission lines, as can be seen in Fig. 2(b) (the modes do not couple in the air-dielectric interface). However, these modes become coupled by the top radiating discontinuity. Therefore, equivalent reflection coefficients for each and parallel-plate mode do not independently exist. On the contrary, hybrid and parallel-plate modes remain uncoupled in the radiating aperture. In this case, it is possible to compute an equivalent terminal impedance to model the radiating open end, separately for and modes. These impedances are represented in Fig. 2 (a) as and . The equivalent reflection coefficients for the and parallel-plate modes were derived in [10] from the results of Weinstein [13] , which were extended for the case of modes below cutoff with oblique incidence. Therefore, the use of hybrid parallel-plate modes simplifies the model of the radiating open end of the parallel plates if compared to the use of ordinary and parallel-plate modes. However, the model for the air-dielectric interface is more complicated for hybrid modes since one has to take into account the coupling between and . As can be seen in Fig. 2(a) , the coupling was modeled in [10] using equivalent transformers in the air-dielectric interfaces. This coupling complicates the derivation of the transverse resonance equation, which is needed to find the permitted modes of the structure.
In this study, a completely original transverse network [shown in Fig. 2(b) ] has been developed using ordinary and parallel-plate modes. Simple transmission lines connections are used for air-dielectric interfaces. Since these modes are coupled at the radiating open end, a two-port circuit represented by its four constituent -parameters is used to model the radiation impedance and the coupling due to the top radiating aperture, as is illustrated in Fig. 2(b) . This original two-port circuit is derived using an indirect approach. The idea is to derive the reflection and coupling coefficients of the and parallel-plate modes from the known reflection coefficients of the hybrid and modes [10] . Once the equivalent circuit is developed in Section II, results for a previously studied NRD leaky-wave antenna [9] , [10] are presented in Section III to validate this original, simple, and accurate theory. The main contribution of this new model is the simple and analytical derivation of the transverse resonance equation, which is needed to compute the leaky-mode dispersion curves. Fig. 3 represents a situation in which a or a parallel-plate wave propagates along the parallel plates, and it is incident at the top radiating aperture, part of the energy being radiated, and the rest of the energy being reflected back to the parallel-plate waveguide. As was mentioned before, hybrid and modes do not couple due to the radiating open end, and a simple reflection coefficient ( or ) can be used to model the top discontinuity [10] . Let us first analyze the case in which a parallel-plate mode is incident at the radiating discontinuity, modeled with . The field can be decomposed into the sum of a and a mode since they form an algebraic set of vector-basis functions. The and parallel-plate modes suffer a reflection at the top radiating discontinuity (modeled with and ), but also a coupling between them. This coupling makes the incident mode to induce a mode (modeled with ), and in the same manner, the mode creates a mode (modeled with ). The energy carried by each or wave, which is not reflected or coupled, is transformed into radiation. This situation is sketched in Fig. 3 , where all the associated reflection and coupling coefficients are illustratively represented.
II. DEVELOPMENT OF TRANSVERSE EQUIVALENT NETWORK FOR AND MODES
As sketched in Fig. 3 , the total electric field in this scenario can be expressed as a field or, consistently, as a sum of a wave and a wave, each one with a given complex factor ( and , respectively). This projection of the wave in the and algebraic basis is, therefore, expressed as
The explicit field components for the electric fields in (1), expressed with the hybrid modal functions [10] and with the nonhybrid and modal functions [14] , are given in the Appendix . Equating the progressive-wave terms ( ) of (1), the coefficients and are readily obtained as follows (where the definition of , , and can be found in the Appendix ): (2) With these projection coefficients ( and ), and equating the regressive-wave terms ( ) in (1), the following equations are obtained to relate the hybrid reflection coefficient to the nonhybrid and reflection and coupling coefficients ( ,
In the same manner, one can study the scenario in which a wave is incident at a radiating open end, also represented in Fig. 3 . In this case, it is more convenient to express the total magnetic field associated to the parallel-plate mode, and project it as a sum of a wave and a wave, each one with a given complex factor ( and , respectively)
The explicit field components for the magnetic fields in (5) are given in the Appendix for both the hybrid mode [10] and also for the nonhybrid and modal functions [14] . Equating the progressive-wave terms ( ) of (5), the coefficients and are obtained as follows: (6) Using the coefficients and expressed in (6), the regressive-wave terms ( ) of (5) can be compared, obtaining the following equations to relate the hybrid reflection coefficient ( ) to the and reflection and coupling coefficients ( , , , and ):
Using (3), (4), (7), and (8), the following relations are obtained for the nonhybrid and reflection and coupling coefficients: (9) (10) (12) Equations (9)- (12) allow to relate the reflections and coupling coefficients ( , , and ) of the novel nonhybrid model ( and ) with the reflection coefficients ( and ) of the hybrid model ( and ) developed in [10] .
Once the nonhybrid coefficients have been expressed in (9)-(12), the top radiating aperture can be described to obtain the novel transverse equivalent network for the nonhybrid and modes. This transverse equivalent network was shown in Fig. 2(b) , and it is illustrated with more detail in Fig. 4 . As can be seen in Fig. 4 , an original two-port circuit interconnects the transverse equivalent circuit to the transverse equivalent circuit, modeling the top radiating impedance seen by this set of coupled nonhybrid modes. The two-port interconnecting circuit can be described with its corresponding -parameter matrix [17] , which allows to take into account for the reflection created at the radiating discontinuity (modeled by the reflections coefficients and ), and also for the coupling between the and modes (modeled by the coupling coefficient )
The equivalent reflection coefficients seen by each and mode at the radiating discontinuity ( and , illustrated in Fig. 4) can be computed using the -parameters (13), obtaining the following expressions: (14) (15) As can be easily seen by inspecting (14) and (15), the nonhybrid and transverse equivalent networks shown in Fig. 4 are coupled due to the coupling coefficient . In (14) and (15), and are the modal reflections coefficients seen from the top of each equivalent transmission circuit to the bottom (see Fig. 4 ). They can be computed using basic formulas for transmission lines [17] . The equivalent radiating aperture impedances ( and , in Fig. 4 ) can be computed from and in the following way:
where and are the characteristic impedances of the and modes [14] . The rest of the impedances and admittances needed to describe the nonhybrid transverse circuit illustrated in Fig. 4 can be computed in a similar way using basic transmission line equations [17] .
III. RESULTS
To validate the new equivalent circuit developed in this paper, the NRD leaky-wave antenna presented in [9] - [11] is going to be studied. This structure was analyzed using an equivalent transverse network entirely developed for hybrid and modes, which was illustrated in Fig. 2(a) . We will now study the same structure using the new equivalent network shown in Figs. 2(b) and 4. As it can be seen from Fig. 2 , the hybrid model [see Fig. 2(a) ] is much more complicated than the nonhybrid equivalent circuit [see Fig. 2(b) ] due to the fact that the coupling between hybrid modes is created in the air-dielectric interface in the form of a shunt transformer. This makes it necessary to study the circuit via a hybrid method, combining nodal and mesh equations, which complicate the transverse resonance equation, as described in detail in [10] . On the contrary, the nonhybrid model [see Fig. 2(b) ] makes use of a simple coupling network, which is characterized by its four -parameters (13) . In this way, all the impedances are shunt cascaded with the nonhybrid model, as can be seen in Fig. 4 . The transverse resonance equation of this coupled transmission-lines model can be easily described by the following equations, which depend on the unknown longitudinal propagation constant ( 
17) (18)
The impedances and admittances used in (17) and (18) are illustrated in Fig. 4 , and all of them can be analytically expressed in closed form. and are described in (14)- (16), and and can be analytically expressed using basic transmission line equations [17] . The zeros of (17) and (18) must be numerically found, each one corresponding to a propagation mode of the studied NRD guide. In the case of a leakywave mode, its propagation constant is complex due to radiation losses ( ), and the numerical search must be performed in the complex plane, as was done in [14] .
The following results describe different dispersion curves obtained for the main mode of an NRD guide. This mode corresponds to the first zero of the transverse resonance (18) . The dimensions of the stub-shortened NRD leaky-wave antenna according to the inset of Fig. 5 are mm, mm, , and mm, and the frequency of analysis is GHz. Fig. 5 shows the variation of the phase and leakage constants as a function of the stub height . Three different curves are plotted in Fig. 5 . The results obtained in [10] using the hybrid modes equivalent network [see Fig. 2(a) ] are plotted with circles to validate our results. The results obtained with the new nonhybrid model are plotted via a continuous line, observing excellent agreement for both the leakage rate and phase constant. In this figure, also illustrated is the necessity to take into account the coupling coefficient between the and transmission lines [ , (11) and (12)]. For this purpose, was neglected in our model to obtain the results plotted via a dashed line in Fig. 5 . As can be seen, the results obtained are wrong, presenting a higher leakage rate for all values of , and a strong deviation for the phase constant below mm. Therefore, the coupling between and modes due to the radiating aperture must be considered to obtain accurate results. Fig. 6 shows the dispersion curves for the same NRD leakywave antenna, but now modifying the dielectric guide width . Again, very good agreement is observed between the hybrid model and nonhybrid model, validating the new transverse equivalent network.
Finally, Figs. 7 and 8 show other dispersion curves obtained in [10] , this time varying the height of the NRD guide, and its dielectric permittivity . In both cases, excellent agreement is obtained for both the phase and attenuation constants, even in the cutoff regime (for very low values of , ), where becomes very large due to reactive attenuation of the leaky mode. As has been illustrated, the accuracy of the proposed equivalent network is the same as the one proposed in [10] , but it provides simpler dispersion equations. This simplification is more evident when one wants to introduce these equivalent networks in the associated parallel-plate Green's functions, for instance, to study lines or slots printed at the air-dielectric interface of the NRD guide [14] , [15] .
Another application of the theory presented is the investigation of cross-polarization components in the leaky-wave an- tennas shown in Fig. 9 . Fig. 9(a) presents the conventional stubshortened leaky-wave antenna, showing the vertical component of the radiating fields associated to the first higher order parallel-plate mode. This structure can be complicated by adding an asymmetric slot in the dielectric interface [16] , as is shown in Fig. 9(b) . In this case, the vertical field of the dielectric guide is transformed into a horizontal radiating field, which corresponds to the main parallel-plate mode. As has been commented in Section I, one can only take into account the radiation of the main parallel-plate mode (neglecting the radiation from higher order parallel-plate modes) if the stub is high enough [1] - [7] , [14] - [16] . However, the stub can be shortened to obtain a vertical component of the radiated fields, which is added to the horizontal component in order to synthesize any type of polarization in the far field, as described in detail in [18] and [19] . This situation is illustrated in Fig. 9(c) . For this case, one has to study at the same time the radiation of the main parallel-plate mode and the two first higher order parallel-plate modes. For this study, it is very convenient to use the new transverse equivalent network, and introduce it in the constituent Green's functions of the problem [14] , [15] . Therefore, the alternative equivalent network developed in this study can simplify the study of many structures due to the use of nonhybrid parallel-plate modes.
IV. CONCLUSION
An original equivalent network has been developed to accurately model the radiation from higher order parallel-plates modes below cutoff. The new transverse circuit is based on the expansion of the nonhybrid modes of the parallel plates. In this way, the interfaces between different materials can simply be characterized using cascaded equivalent transmission lines. The radiating open end of the parallel plates makes the nonhybrid modes to couple. An equivalent two-port circuit has been developed to take into account both the radiation and the coupling that occurs in the radiating discontinuity. The new model has been validated by obtaining leaky-mode dispersion curves for a leaky-wave antenna in NRD guide technology. Results are compared to those obtained using hybrid modes, showing excellent agreement. The proposed equivalent network allows to obtain simpler transverse resonance equations than using hybrid modes, while keeping the same accuracy. [10] . The total electric field in the parallel-plate region, taking into account the incident and the reflected wave, can be expressed as [10] (A1) where , is the unknown longitudinal propagation constant, and is the transverse propagation constant, which are related by the following equation (where is the free-space wavenumber):
On the other hand, the total electric field in the scenario of Fig. 3 can also be expressed as a sum of a wave and a wave (nonhybrid modes, [14] ), each one with a given complex factor [ and , respectively, following the same notation as in (1)]. The equivalent reflection coefficients ( and ) and the coupling coefficients ( and ) shown in Fig. 3 must be considered for the expansion of the fields using the nonhybrid set of modes and , obtaining the following results:
where the normalization factor is defined as [14] (A4)
The second case represented in Fig. 3 is that of a hybrid mode, which is incident in the parallel-plate radiating open end, now modeled by the equivalent reflection coefficient [10] . In this case, it is more convenient to express the magnetic field associated to the hybrid parallel-plate mode [10] (A5)
As was done for the field, the magnetic field can be projected as a sum of a wave and a wave, each one with a given complex factor [ and respectively, following the same notation as in (5)]. Using the vector modal magnetic functions for the nonhybrid modes [14] , and taking into account the reflection coefficients ( and ) and the coupling coefficients ( and ) shown in Fig. 3 
